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Mixing in Turbulent Axially Symmetric Free Jets
GDALIA KLEINSTEIN*

Polytechnic Institute of Brooklyn, Freeport, N.Y.

An analysis to solve mixing problems involving momentum, energy, and mass transfer in
turbulent axially symmetric compressible flow is presented. The method is based on the
linearization of the conservation equations in the plane of the von Mises variables while re-
taining the essential nonlinear nature of the equations in the physical plane. The applica-
tion of this method to a laminar flow problem has been shown to be in good agreement with a
numerical solution of the boundary-layer equations obtained by Pai. The extension of the
method to turbulent flow requires an expression for the eddy viscosity. A possible modifica-
tion of Prandtl's formulation, suggested by Ferri, is investigated. When this expression for
eddy viscosity is introduced, the application of the present method to compressible turbulent
flow yields analytical results that are in good agreement with available experimental data.
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Nomenclature

either one of quantities 1, Pr"1, Sc"1

specific heat at constant pressure
static enthalpy of i species
stagnation enthalpy
modified Bessel function of first kind
turbulent Lewis number (pev)/(peh)
defined by Eq. (lOa)
either one of variables u, H, or F;
defined by Eq. (lOb)
turbulent Prandtl number (pe)/(pe&)
P/Po
radial coordinate
nondimensionalized radial coordinate r = r/r,
turbulent Schmidt number (pe)/(pey)
static temperature
nondimensionalized static temperature T = T/Tj
axial velocity component
nondimensionalized axial velocity component u =
radial velocity component
nondimensionalized radial velocity component v =
molecular weight of mixture S(Ft/it?t)~1

molecular weight of i species
nondimensionalized molecular weight w = w/Wj
axial coordinate
nondimensionalized axial coordinant x — X/TJ
mass concentration of jet's fluid
mass concentration of i species
transformed axial coordinate defined by Eq. (7)
density
nondimensionalized density p = p/py
turbulent transfer coefficient for momentum pe/ pjUj
turbulent transfer coefficient for energy pcA/p,-w,-r j
turbulent transfer coefficient for concentration pey/

stream function
dummy variable
stream function for axially symmetric flow defined by

= coefficient of kinematic viscosity of turbulent flow
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Subscripts
0 = properties on axis
i = properties at half-width of profile
e = external conditions
h = corresponding to enthalpy
j = initial properties of jet
v = corresponding to velocity
y = corresponding to mass concentration

Introduction

IN many boundary-layer problems the assumption of flow
similarity cannot be applied throughout the flow field;

the validity of the similar solution is restricted to a limited
region of the flow field, and the location of this region is not
known a priori. Solutions for the nonsimilar cases can be
obtained either by a laborious finite difference technique or
by approximate methods. One of the useful techniques for
deriving solutions for nonsimilar problems is the integral
method; however, this application is limited in practice to
reasonably smooth profiles.1. 2 Therefore, problems in-
volving the determination of the concentration decay in the
mixing of two uniform streams, where the initial profile is
physically a step function, lie outside the scope of the in-
tegral method.

A different approach3"5 consists of linearizing the momen-
tum equation in its differential form and obtaining the exact
solution for given (arbitrary) initial conditions. According
to the "modified Oseen method" of Carrier,5 the convective
operator in the original partial differential equation is re-
placed by a linear one. The resulting heat-conduction equa-
tions can be treated by well-known techniques.

For axially symmetric laminar compressible jets, Lewis and
Carrier's technique was modified2 by applying the von Mises
transformation6 to the exact differential equations with a sub-
sequent linearization of the viscous term. The resulting
equations in the transformed plane are linear and explicitly
independent of the thermodynamic properties of the fluid,
but the nonlinear nature of the equations is retained in the
physical plane. A comparison with a finite difference solu-
tion due to Pai7 indicates that, at least for the case men-
tioned, the method is sufficiently accurate.

If turbulent transfer coefficients are defined in a manner
analogous to the laminar case, the equations become formally
identical to those for laminar flow. Determination of the
necessary transfer coefficients by a theoretical analysis of
the properties of turbulence is a formidable task; therefore,
a semiempirical approach is usually employed.

Libby8 analyzed the compressible turbulent mixing for re-
active gases. A similar approximation, but a different
method than in Ref. 2, was used in order to linearize the
equations in the von Mises variables. The eddy viscosity
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Fig. 1 Schematic diagram of the flow showing the coor-
dinate system.

was obtained through the application of a compressibility
transformation to the kinematic eddy viscosity, which in
turn was empirically established from incompressible flow
data.

A different approach, suggested by Ferri, considers a formu-
lation of the eddy viscosity in terms of compressible flow vari-
ables and an arbitrary constant which must be determined
experimentally. The approach is considered more direct
than Ref. 8, because it does not rely upon an extrapolation
of empirical data from incompressible to compressible flow.
The present paper extends the analysis of Ref. 2 to turbulent
flow, investigates a possible extension of PrandtFs incom-
pressible formulation9 of the turbulent viscosity coefficient
to compressible flow, and determines the numerical values of
some necessary constants appearing in the formulation of
such coefficients. Numerous examples based on these
coefficients are then presented and compared with available
experimental results.

The examples considered in this paper are restricted to
problems of injection into a quiescent media. The method,
however, can also be used to obtain a solution for cases in-
volving a moving external flow, provided that the eddy vis-
cosity used can be expressed as a function of the axial co-
ordinate only.

Analysis

The problem of an axisymmetric jet in a compressible,
inhomogeneous, nonreacting turbulent fluid can be described
by the boundary-layer equations (a schematic representation
is shown in Fig. 1). If the turbulent Prandtl, Schmidt, and
Lewis numbers are not much different from unity and the
axial pressure gradient is neglected,! these equations may be
written as

+

= 0 (la)

*/br]dr (Ib)

^rbH /dr]/dr (Ic)
1(pe)rdFi/dr]dr (Id)

Equations. (Ib), (Ic), and (Id) are formally identical and
have the general form

pv<)Pk/c)r = r- (2)

where PA is either u, H, or F;, and Ak is the corresponding
coefficient appearing in Eqs. (Ib), (Ic), and (Id). The
transformation and linearization techniques of Ref. 2 are
applied here to Eq. (2). A dimensionless stream function
\l/ = (ty/2)2 is introduced to obtain the relation

dx = -pvf (3)

t This neglect of dP/cte for an open jet permits the analysis
that follows, and the subsequent agreement between the theory
and the experimental data (Figs. 4, 5, and 6) appear to justify
it, as does other literature.10

Applying the von Mises transformation, with

independent variables, Eq. (2) becomes
and x as

(4)

where

f 2 / * ̂ ^
o ~3ft~

A Taylor series expansion in ̂  of the term Ak(pe)puf2 in the
neighborhood of a point x on the axis yields

[Ak(p~6)pur2]Xit = [Ak(pe)]x,Q^f2/2 + 0(^4) (5)

When terms of the fourth order in SI> are neglected, Eq. (4)
reduces to the linear equation2. n. 12:

(6)

where

= 2 f* (Aj o (7)

which is in the form of the well-known heat conduction equa-
tion in cylindrical coordinates. Solutions for Eq. (6) are
available.13. 14 Subject to the boundary conditions, PkW, 0)
= 0fc(^) and Pk(°°, &) = P*«, and the regularity condition
on the axis, P*(0, £*) ^ °° , it has the general solution

W (8)

where gtty) is any specified initial distribution of the function
PI,. Of particular interest are the initial conditions described
by the step function

( = Pkj -Pt, 0 < * < *,-
0(*) { (9)

[ = 0 *,•<*•
Subject to these conditions, Eq. (8) reduces to

-

and along the axis
Po = 1 -

/o X

'/df (lOa)

(lOb)
The solution (10) is known as the P function, and its values
are tabulated in Ref. 15. Physically meaningful solutions
can be derived from the general solutions of Eq. (8), pro-
vided there exists an inverse transformation from trans-
formed to physical coordinates. Replacing the Pk variables
of the previous sections by their physical equivalents, solu-
tions are given in terms of the transformed coordinates

u = H = (11)
Subject to Eq. (7), there exists a relationship between

£„, £A, and j-y. Substituting for the Ai's and denoting
f«by { gives

Equations (11) and (12) combined define a solution in the
(£, ̂ ) plane as

\f) Yi = y,-(£, ^) (13)u = fi(£, ^) H =
The stream function is defined

f2 = /•* ^d
Jo pu (14)
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where u = u(&) is known from the solution of Eq. (13), and,
at any given value of £, p = p(^f) can be obtained from auxil-
iary equations. The equation of state at constant pressure is

T = j3S(F,-M) (15)
where the fluid is considered as a mixture of perfect gases.
The energy equation is

H = SIYA-CF)] + u*/2 (16)
Formally, Eq. (16) yields the relation

T = T(H, u, Yi) (17)
Then, with H = H(V), u = ft(*), and Yi = F;W, Eqs.
(15) and (17) determine p = pW, and the integrations of
Eq. (14) can be performed to produce the desired trans-
formation f = f 0$0 for any fixed value of £.

The inversion of £ —> x is based upon Eq. (7), which may
be written, in view of Eq. (12), as

-K (18)

This transformation can only be carried out where a repre-
sentative formulation for the coefficient of viscosity pe as a
function of the axial coordinate exists or can be derived.

The inverse transformation, as defined by Eq. (14), in
conjunction with the equation of state (15) and with (16),
introduces the thermodynamic properties of the fluid into the
solutions which, in the transformed plane, are obtained inde-
pendently of such properties. Furthermore, for a fixed value
of £ = £(x), Eqs. (13) and (14) completely determine the
radial distribution in the physical plane of all pertinent fluid
variables, independently of the physical plane of all pertinent
fluid variables, independently of_the particular law of varia-
ation of the transfer coefficient pe chosen. The role of pe is
thus restricted to establish where, i.e., at what value of x, a
particular radial distribution takes place. This is clearly a
result of taking pe to be a function of the streamwise co-
ordinate only.

Turbulent Flow—Uniform Profiles
For incompressible isothermic flow, where one is concerned

with the kinematic viscosity coefficient, a number of formulas
are available. Although many objections may be raised
regarding the mixing length concept (see, for example, Ref.
16) which underlies both the momentum-transfer theory of
Prandtl,17 and the vorticity transfer theory of Taylor,18 the
success of these theories in comparing favorably with ex-
perimental results, in those extrapolated regions where ex-
perimental data have not been used for the determination of
arbitrary numerical constants, is undeniable.

In compressible flow the eddy viscosity is no longer a
measure of the transfer phenomena and must be replaced by
a dynamic transfer coefficient, i.e., pe, wherein the thermo-
dynamics of the fluid is taking place. As required by the
present analysis, pe is taken, at most, as a function of x only.
In an attempt to derive a semiempirical formula for such a
coefficient, the theory must provide for a determination of a
numerical value for this coefficient from experimental data.
To that effect Eq. (lOb) is written in the form

& = -&2/41n[l - P0(x)] (19)
Experimental results provide the axial distribution P0 =

PO(X); thus, Eq. (19) yields _& = &(#). From the definition
of Eq. (7), the value of Ak(pe) is established. In particular,
when the velocity, total enthalpy, and the mass concentra-
tion distributions are given along the axis, Eq. (7) becomes

d%v/dx = 2(pe) (20a)
d£h/dx = 2^eh = 2Pr~l ^e (20b)
d^y/dx = 2pey = 2SC-1 (20c)

from which pe, the turbulent Pr, and Sc can be determined.
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Fig. 2 Radial distribution for helium.

The technique can also be_used to demonstrate the validity
of the postulate that pe = pe(x), although the actual form of
the function is unknown. Consider an experiment for which
the radial distributions, as well as the axial distributions, are
known. Equation (19) is then used to determine the value
of & at any point x along the axis where P0 = PQ(X) is known.
With the value of £* known, the theoretical radial distribution
is computed from Eqs. (lOa) and a subsequent inversion by
Eq. (5). The application of this technique to the experi-
ments of Keagy and Weller19 yield the results of Fig. 2. In
these experiments, the concentration and velocity of jets of
helium, nitrogen, and carbon dioxide issuing vertically from
a sharp-edged orifice of 0.128 in. in diameter into still air were
determined by a hypodermic tubing of 0.03 in. in diameter,
which served both as a sampling probe and as an impact tube.
The velocity could not be determined once the impact pres-
sure became low, as in the case of helium; concentration
measurements, however, were found to be accurate for all
the cases considered. Good agreement is indicated between
the computed radial distribution and the experimental re-
sults for helium injection into air. Noticeable deviation
between analysis and experiment takes place at the tail of
the distribution where the analysis predicts higher values
than those observed in the experiments. It is clear that for
verification of the postulate pe = pe(#) a large amount of data
is required, but for all available experiments that have been
considered here, good agreement was shown to exist.

A formulation due to Ferri et al.12 reduces for the case of
ue = 0 to the form

pe =

for the main flow, and

pe = k2x(pu)0

(21)

(22)

for the region where the mixing is two-dimensional. The
constants k\ and k% must be determined experimentally, and
the half-width 61/2 is the radius to a point on the jet where the
momentum is given by

(pu) ='|( (23)
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Fig. 3a Linear dependence of £„ and £# on ~x.

Once these constants are completely denned, solutions for
various initial conditions are obtained and compared with
available experimental results.

The general problem involves injection of one fluid into
another, while the only case considered here is that in which
the receiving medium is at rest. This problem is schematic-
ally represented in Fig. 1, in which ue is taken to be zero. The
solutions for the velocity, stagnation enthalpy, and concentra-
tion in terms of the P function notation are

u = r

H - He =

rr rr/i;, — tie,

Y =

(24a)

']
(24b)

(24c)

respectively. The 5i/2 in terms of the ^ coordinates is given
by

(25)'i/2
2 = r^ i /2—Jo pi^

and i//i/2 corresponds to the point in the fluid given by (23).
Since ki is a constant, its value may be determined from the
asymptotic behavior of (21). The asymptotic properties
(£ —>- oo) of the P function, as discussed in Ref. 15, are

^2\

- - J (26a)

(26b)

where ife2 = 2 is obtained from Eq. (14). Since the density
asymptotically (£ —>• °°) becomes uniform, Eq. (23) reads

or, from Eq. (24a)

Hence,

P0P* =

= 0.5 (27)
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Fig. 3b Linear dependence of £y on x.

and Eq. (27) can be used as a definition of ^f}/2 for large values,
of £„. Consider then the asymptotic ({ -> co) behavior of
61/2, i.e.,

1/2 /Vl/2 ^C?̂  _ l_ f^l/2 ^frf^ _= Jo -&T- -^Jo -p- ~

which, from Eqs. (26a) and (27), becomes

61/2 = Pe~1/22f, (28)

A substitution of the asymptotic values obtained for bm, pey
and ue into Eq. (21) gives

(29)

An application of Eq. (19) to the experiments of Corrsin
and Uberoi20 indicates that, as can be seen from Fig. 3a, £v
and %h are linear in x up to a very close region in the neigh-
borhood of the injection point. In Ref. 20 measurements
were made of the total head and temperature fields in a round
turbulent jet. Heated air was injected vertically into a

i.o Toj/Toe
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REF 21 ANALYSIS
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Fig. 4 Axial velocity distribution for turbulent com
pressible free jets.
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quiescent atmosphere with a temperature difference of 27° to
540°R corresponding to density ratios of 1 to 2. It is con-
cluded, therefore, that for compressible flow, as well as for
incompressible flow in free jet mixing, the transfer coefficient
is constant throughout the flow field, except in the immediate
region close to the injection point. Using Eqs. (20) and (29),
together with the experimental data of Fig. 3a, the following
results are obtained:

ord£v/dx = 0.0518
and with pe = 2,

ki = 0.0259/(2)1/2 = 0.0183

From Eq. (20b) and the experimental results

dfr/dx = 0.0724

Hence, assuming k's constants,

Pr = d$,/d$K = 0.715

pe = 0.0259

(30)

Eq. (29), in terms of the results just obtained, takes the
form

= 0.0183 pe11 (31)

Extending Eq. (13) to x = 0 permits the integration of Eq.
(20), yielding the simple results

0.037pe
1/2o; - 0.35

0.051pe
1/2:r - 0.35

(32)

(33)

The application of this method to Keagy and Weller's19

experiments for helium concentration decay produces the re-
sults given in Fig. 3b. Again, the linear dependence of £
on x for a large region of the flow field is demonstrated.
The numerical values obtained are d%y/dx = 0.139, (pe)1/2 =
2.69, which, from Eq. (20), gives Sc = 0.708 and

= 0.052pe1/2z - 0.35 (34)

The axial decay laws become

— He
UQ, Hi - H; = 1 exp[-l/(W - 0.70)] (35)

where k = 0.074, 0.102, and 0.104, respectively, and xpe
112 >

9.46, 6.86, and 6.73, respectively. The equal sign designates
the extent of the initial core length.

A comparison between the axial velocity distribution as
given by Eq. (35) and the incompressible solution obtained
by Schlichting21 is shown in Fig. 4. Although the analysis
of Ref. 21 follows a different line of investigation, the re-

6 8 10 20 40 60 80 100 200 300

P =/e *
Fig. 5 Axial stagnation enthalpy distribution for tur-

bulent compressible free jets.

40 60 80 100 200 400

Fig. 6 Axial mass concentration distribution for tur-
bulent compressible free jets.

suits compare well, as is indicated in Fig. 4. Results pre-
dicted by Eq. (35) are plotted in Figs. 4, 5, and 6, respec-
tively, using pe

ll2x as the axial coordinate. In these coordi-
nates the axial distributions are independent of the thermo-
dynamics of the fluid, and therefore they may be taken as
general curves for the decay of velocity, stagnation enthalpy,
and mass concentration in turbulent compressible free jet
mixing. Experimental data reported by Keagy and Weller,19

Corrsin and Uberoi,20 and Warren22 are included in these
figures. In Ref. 22, air-to-air injection in a horizontal tunnel
is studied. Measurements were obtained for heated and
unheated jets and for a Mach number range of M = 0.6 up to
2.6. The data presented cover a wide range of application.
The mass concentration experiments of Ref. 19 include a
density ratio of 0.66 in the case of C02-air, a ratio of 1.03
in the case of N2-air, and a ratio of 7.25 in the case of He-air
injection. The experiments of Ref. 20 provided data for both
stagnation-temperature distribution and for axial-velocity
distribution in the low-velocity range. Data are presented
for temperature ratio close to unity and for the case of a
heated jet, where the temperature of the jet is twice that of
the ambient fluid. In both cases air-to-air injection was
tested. In the higher-velocity range the experiments of Ref.
22 are included. Data are presented for a Mach number
variation from 0.68 to 2.6.

As is shown in Figs. 4, 5, and 6, except in the case of Mach
number equal to 2.6, the large number of experimental data
included in these figures compare favorably with the present
analysis. Although the dependence of the decay rate on the
parameter pc

1/2x is also observed in the M = 2.6 case, there
is a definite disagreement between the predicted and the
measured values of the initial core length. This deviation
can be attributed to the existence of pressure disturbances
in this region.

Conclusions

The problem of an axially symmetric compressible free
jet in a turbulent flow has been analyzed by a linearization
of the conservation equations in the von Mises transforma-
tion. The resulting momentum, energy, and species con-
servation equations became uncoupled in the transformed
plane, and solutions were obtained for arbitrary initial
conditions.

As a consequence of this analysis, the radial distribution
of any fluid property at an axial station is found to be a func-
tion of the initial conditions and of the value of the property
on the axis; it is independent of the particular viscosity law
considered. The location of the radial distribution is estab-
lished once the proper viscosity law pe = pe(x) is specified.
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Use of an extension of PrandtPs formulation of the eddy
viscosity to compressible flow indicates that 1) the eddy
viscosity for a free compressible jet is independent of the
radial coordinate, and 2) the eddy viscosity remains a con-
stant over a large portion of the flow field, excluding the
immediate mixing region.

General expressions for the decay of velocity, enthalpy,
and concentration are derived, and criteria that determine
the extent of the immediate mixing region are also established.
The characteristic variable for the streamwise coordinate is
shown to be pe

1/2x. In terms of this variable it is shown that
the decay of total enthalpy and concentration satisfy the
same law very closely and that both decay at a faster rate
than the velocity.

The agreement between this analysis and available experi-
mental results is considered good, except in the case of M =
2.60. In this case, although the decay does follow the pe

ll2x
dependence, the initial length appears to be longer than the
value predicted by the present theory.
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